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THE NUMBER OF PARTIALLY ORDERED SETS. II
By KiM K1-HANG BUTLER* AND GEORGE MARKOWSKY

In this paper we extend some of the numerical results appearing in [2] dealing
with certain classes of partially ordered sets. Techniques, more powerful than the
matrix approach used in [2], are developed, which show that particular classes of
partially ordered sets can be enumerated by polynomials of a certain type. Some of
these polynomials are calculated, and then the enumeration of partially ordered sets
is looked at from a graph theoretical point of view.

The reader should consult [2] for background and related results, as well as a more
complete list of references. The reader might find [37] helpful, since some of the results
in [2] are treated there along the lines similar to ones pursued in this paper. Basic
properties and definitions relating to partially ordered sets can be found in [1].

DEFINITION 1. Let P(n, k) be the number of distinct (up to isomorphism) partial
orderings on a set of n elements {z,, z,, -+, z,} such that there exist exactly k ordered
pairs (z;, z;), i#j, for which 2,2z, in the given partial ordering. By P(n, k) we
mean a set consisting of one representative from each of the isomorphism classes counted
by P(n, k). Occasionally, we well abuse notion and think of P(n, k) as consisting of
equivalence classes. In any case, P(n, k)= |P(n, k)|,

ExampLE. Thus P(3,2)=2, since the only possible posets are those corresponding to
the following Hasse diagrams:

AN N

Diagram 1

REMARK. Note that P(m k)= |D(n, k)| for all n and & where [D(n, &) | is the
quantity defined in [2]. Also note that P(n, k) =0 for #>n(n—1)/2.

Thus, if we let P(n) denote the number of distinct (up to isomorphism) partial
orderings which can be defined on n elements, then
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